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For a quite general group-arrival group-departure queue, a relation is given concerning the limiting 
queue size distributions when the system is considered exclusively at arrival epochs or exclusively at 
departure epochs, and which extends recent relevant results. 
bulk queues * Burke’s result 
1. Introduction 
The following service system is considered. Customers arrive at a service station in 
groups of random size having probability distribution gj (j = 1,2, . . . ) with a finite 
mean mG. There is an arbitrary number of servers and waiting facility for infinitely 
many customers. The customers are also served in groups of random size having 
probability distribution f; (j = 1,2,. . . ) with a finite mean mF. Specifically, each 
time a server becomes idle, with probability h he chooses randomly j customers 
and serves them simultaneously in a batch. If at that instant there are less than j 
waiting customers, the server remains idle until the number j is reached. The sizes 
of successively arriving groups as well as the sizes of successively formed groups 
for service are stochastically independent of each other and of the state of the system. 
Let r(k), d(k) (k=O, 1,2,. . . ) be the limiting queue size distributions when the 
system is considered exclusively at epochs just before successive group arrivals and 
at epochs just after successive group departures respectively. When customers arrive 
singly and are served individually (i.e. g, =f, = l), these distributions coincide. For 
a simple proof of this fact, known as Burke’s result, see Wolff (1989, pp. 160-162 
and 387-388). Recently, Hebuterne (1988) has generalised this result to the case 
where either customers arrive singly and are served in groups of a fixed size or 
customers arrive in groups of random size and are served individually. 
In this note a relation between the sequences r(k), d(k) (k = 0, 1,2, . . . ) is given 
for the general group-arrival group-departure service model described above, thus 
extending Hebuterne’s results while the supplied proof is remarkably short and 
simple. 
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2. The result 
Without loss of generality we assume that customers within each arriving group are 
randomly ordered and that they enter in the system according to their order. By 
this device is meaningful to define the nth arriving customer A, in the time interval 
(0, co) as well as the queue size Qn that A,, meets at his arrival and which is precisely 
the sum of the queue size just before his group’s arrival plus the number of customers 
in his group who are ahead of him. Similarly we assume that customers within each 
departing group are randomly ordered and that they leave the system according to 
their order. Hence let I?, be the nth departing customer in (0,~) and Qz be the 
queue size that B, experiences upon his departure, Qz being the sum of the queue 
size just after his group’s departure plus the number of customers in his group who 
are behind him. Letting r,(k), d,(k) (k = 0, 1,2, . . . ) be the limiting distributions of 
the processes {Q;} and { QL} respectively and following Wolff (1989, pp. 387-388) 
we have that 
r,(k)=&(k) (k=0,1,2 ,... ). (1) 
Following again Wolff (1989, pp. 68-69), the event A(i) that a particular customer 
A, = A arriving in the steady state is the ith ordered customer in his group counting 
backwards, has probability 
P(A(i)) =$ F gj =giil/m, (i=1,2,...) 
Gj=i 
where& (i=O,1,2,...) are the tail probabilities of gj (j = 1,2, . . . ). 
Similarly the even B(i) that a particular customer B, = B departing in the steady 
state is the ith ordered customer in his group counting forwards, has probability 
P(B(i))=b z J=A_,/m, (i=1,2,...) 
F ,j=i 
where j (i = 0, 1,2, . . . ) are the tail probabilities of J; (j = 1,2, . . . ). 
But 
(3) 
rc( k) = P (A meets queue size k upon his arrival) 
= i P (the group of A meets queue size n and A( k - n + 1)) 
n=O 
=&i,,r(n)&n (k=0,1,2,...) 
and similarly 
(4) 
(5) 
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From (l), (4), (5) it follows that 
which is the required relationship between the limiting distributions r(k) and d(k) 
(k=O, 1,2 ,... ). 
Expression (6) can be written in a more compact form with the aid of generating 
functions. Specifically letting R(z), D(z), G(z), F(z) be the generating functions 
of the probability distributions r(n), d(n), g,, J respectively, from (6) it follows 
easily that 
R(z) 1 - ‘3~) = D(z) 
mG 
=$ Iz[<l. 
It is worth noting that when gj =A (j = 1,2,. . . ), then (7) reduces to Burke’s result. 
In the case of either single departures or single arrivals, (7) reduces to 
R(z) = 
Ml-z> 
1 -G(z) 
D(z), IzI < 1, 
D(z) = 
m,(l -z) 
1 -F(z) 
R(z), I$< 1, 
respectively, which agree with the expressions derived by Hebuterne (1988). Relation 
(8) has also been derived by Chaundry (1979) for the M’“‘/G/l queue. 
Following the above procedure similar results may be obtained for queues with 
finite capacity. 
Also note that the results are valid whenever (2), (3) hold i.e. the assumption of 
stochastically independent group sizes may be replaced by weaker conditions. 
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